It is shown that Maxwell's equations in media without source can be written as a contact Hamiltonian vector field restricted to a Legendre submanifold, where this submanifold is in a fiber space of a bundle and is generated by either electromagnetic energy functional or co-energy functional. Then, it turns out that Legendre duality for this system gives the induction oriented formulation of Maxwell's equations and field intensity oriented one. Also, information geometry of the Maxwell fields is introduced and discussed.
Introduction
Contact geometry is often referred to as an odd-dimensional twin of symplectic geometry and then it has been studied from purely mathematical viewpoints [1] . On the other hand, there are several applications in science and foundation of engineering. These applications include equilibrium thermodynamics [2, 3, 4, 5] , nonequilibrium thermodynamics [6, 7] , statistical mechanics [8, 9, 10] , fluid mechanics [11] , control theory [12] , statistical theory for non-conservative system [13] , electric circuits [14] , dissipative mechanical systems [15] , and so on. In general, if geometric theories of mathematical disciplines are ascribed to the same geometry, then it can be expected that there are links among these disciplines. These links may give a unified geometric picture of such disciplines. Such an example is found in contact geometry, where information geometry is linked to contact geometric thermodynamics [7, 8] . Here information geometry is a geometrization of parametric statistics [16] , and it has been applied to various disciplines including equilibrium statistical mechanics [17] , control theory [18] , and so on. In Ref. [19] , several simple electric circuit models without any external source have been discussed in terms of contact and information geometries. Since electromagnetic media can be seen as distributed element models of electrical circuits, one can expect that Maxwell's equations without source in media can be written as some kind of contact geometry and information geometry.
There exists a history of developing geometric formulations of Maxwell's equations for describing electromagnetic fields. The most well-known one is that these equations are described on a 4-dimensional pseudo Riemannian manifold [20, 21, 22] . Also, it has been shown that Maxwell's vacuum equations are written as an infinite dimensional Hamiltonian systems [23] . Furthermore, since Dirac structures on manifolds are known to be a geometric generalization of phase spaces of Hamiltonian systems [24, 25] , one expects that Maxwell's equations can be written with an extension of a Dirac structure. It then has been shown that Maxwell's equations are described as a Hamiltonian system with respect to a Stokes-Dirac structure [26] . Note that some wave solutions to Maxwell's equations can be described in terms of contact geometry [29] , and some electric circuits are described as a Dirac structure [27, 28] .
In this paper it is shown how Maxwell's equations without source in media are described in terms of a bundle whose fiber space is a contact manifold. To this end, an idea of such a bundle and how a contact Hamiltonian vector field will be formulated on such a bundle are discussed. In this formulation, an analogue of convexity of the electromagnetic energy functional is emphasized, and then one notices that the property of such functionals allows us to use convex analysis so that Legendre duality should be explored in this context. It will then be shown that this duality leads to an induction field oriented formulation of Maxwell's equations and field intensity oriented formulation. Also, it will turn out that the existence of such convex functional leads to an analogue of a dually flat space introduced in information geometry. These formulations can shed light on how Legendre transform and convex functions play a role in electromagnetism.
Mathematical preliminaries
In this section mathematical symbols and tools are fixed and these will be used in the following sections. Mathematical objects in this paper are assumed smooth and real. From a viewpoint of dynamical systems theory, Maxwell's equations are an infinite dimensional system. To formulate these equations the dimension of phase space should be infinite. To this end, one starts with the finite dimensional case.
Contact geometry
The definition of contact manifold below follows the one often used in contact geometric equilibrium thermodynamics ( see Ref. [3] ). In this paper the following coordinate system is often used.
Theorem 2.1. (Darboux's theorem): Let (C, λ) be a contact manifold. Then there exists the local coordinate system (x, p, z) such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }.
In this paper, Einstein notation, when allowed index variables appear twice in a single term it implies that all the values of the index are summed, is used. Note that, instead of λ in Theorem 2.1, another convention exists in the literature.
Definition 2.2. (Darboux coordinates):
The coordinate system stated in Theorem 2.1 is referred to as the Darboux coordinates or canonical coordinates.
The following transformation group preserves the contact structure ker(λ) := {X ∈ ΓT C|ı X λ = 0} for a given contact manifold ( C, λ ). Definition 2.3. (Contact transformation group): Let (C, λ) be a contact manifold and {Φ ς } : C → C a set of elements of a group. If Φ ς is such that Φ * ς λ = f ς λ where f ς is some non-vanishing function and Φ * ς λ is a pull-back of λ, then {Φ ς } is referred to as a contact transformation group.
In the following sections the phase spaces of Maxwell's equations for media will be described in terms of a bundle whose fiber space is a contact manifold. In particular, the phase space of such equations is described on a Legendre submanifold of the fiber space. Roughly speaking these objects are appropriate for describing dynamical systems as partial differential equations, in addition that the standard contact geometry is appropriate for describing dynamical systems written as ordinary differential equations.
To describe dynamical systems written as ordinary differential equations on contact manifolds, one needs the following. Definition 2.4. (Reeb vector field): Let (C, λ) be a contact manifold, and R a vector field on C. If R satisfies ı R λ = 1, and ı R dλ = 0, then R is referred to as the Reeb vector field or the characteristic vector field.
Here ı X is the interior product associated with a vector field X. It is known that the Reeb vector field is uniquely determined and that the Darboux coordinate expression of R is ∂/∂z.
Roughly speaking, the following vector fields are obtained by the infinitesimal transforms of contact transforms for a given contact manifold ( C, λ ).
Definition 2.5. (Contact vector field): Let (C, λ) be a contact manifold and X a vector field on C. If X satisfies L X λ = f λ with some function f , then X is referred to as a contact vector field.
Here L X denotes the Lie derivative with respect to a vector field X. To realize a contact vector field, one can take a contact Hamiltonian vector field. With the Reeb vector field, one defines the following. Definition 2.6. (Contact Hamiltonian vector field): Let (C, λ) be a contact manifold, h a function on C, and X h a vector field on C. If X h satisfies
then X h is referred to as the contact Hamiltonian vector field associated with h, and h a contact Hamiltonian.
Remark 2.1. Applying the Cartan formula L X α = dı X α + ı X dα for a q-form field α, one has a basic property for a contact Hamiltonian vector field :
Contact Hamiltonian vector fields are to be used for describing various equations on contact manifolds in the following sections.
By straightforward calculations one can show the following. 
Let φ h be an integral curve of X h such that φ h : T → C, (t → (x, p, z)) is a map with some T ⊆ R. Theṅ denotes the derivative with respect to t. In this case, one has dynamical systems. Physically this t ∈ T is interpreted as time. In what follows contact vector fields are always treated as dynamical systems and integral curves are focused when a contact Hamiltonian vector field is given.
Remark 2.2. Unlike the case of autonomous Hamiltonian vector fields, contact Hamiltonian vector fields need not be conserved, since L X h h = (Rh)h does not vanish in general.
In applications of contact geometry, Legendre submanifolds play various roles. The definition of Legendre submanifold is as follows. It has been known that local expressions of Legendre submanifolds are described by some functions on contact manifolds. Theorem 2.3. (Local expressions of Legendre submanifolds, [1] ): Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, and (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = { x 1 , . . . , x n } and p = { p 1 , . . . , p n }. For any partition I ∪ J of the set of indices { 1, . . . , n } into two disjoint subsets I and J, and for a function φ(x J , p I ) of n variables p i , i ∈ I, and x j , j ∈ J the (n + 1) equations
define a Legendre submanifold. Conversely, every Legendre submanifold of ( C, λ ) in a neighborhood of any point is defined by these equations for at least one of the 2 n possible choices of the subset I.
Definition 2.8. (Legendre submanifold generated by function): The function φ used in Theorem 2.3 is referred to as a generating function of the Legendre submanifold. If a Legendre submanifold A is expressed as (3), then A is referred to as a Legendre submanifold generated by φ.
The following are examples of local expressions for Legendre submanifolds.
Example 2.1. Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = { x 1 , . . . , x n } and p = { p 1 , . . . , p n }, and ψ a function of x only. Then, the Legendre submanifold A ψ generated by ψ with Φ CAψ : A ψ → C being the embedding is such that
The relation between this ψ and φ of (3) is ψ(x) = φ(x) with J = { 1, . . . , n }. One can verify that Φ * CAψ λ = 0. Example 2.2. Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = { x 1 , . . . , x n } and p = { p 1 , . . . , p n }, and ϕ a function of p only. Then, the Legendre submanifold A ϕ generated by − ϕ with Φ CAϕ : A ϕ → C being the embedding is such that
The relation between this ϕ and φ of (3) is ϕ(p) = − φ(p) with I = { 1, . . . , n }. One can verify that Φ * CAϕ λ = 0. In contact geometry the following transform is often used. Note that several conventions exist in the literature.
. . , x n } coordinates, and ψ a function of x. Then the total Legendre transform of ψ with respect to x is defined to be
where p = { p 1 , . . . , p n }.
Remark 2.3. If ψ in Example 2.1 is strictly convex, and ϕ in Example 2.2 is chosen as ϕ(p) = L[ψ](p), then it follows that A ψ is diffeomorphic to A ϕ ( see Ref. [7] ).
Introducing some symbols, one can have other equivalent expressions for the Legendre submanifolds (4) and (5) . The following definitions were introduced in Ref. [19] , and it was shown that the introduced functions are tools to describe contact Hamiltonian vector fields concisely. They are summarized as follows. Definition 2.10. (Adapted functions): Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }. In addition let ψ be a function on C depending on x only, and ϕ a function on C depending on p only. Then the functions
are referred to as adapted functions.
In adapted functions, the local expressions of Legendre submanifolds generated by ψ and those by −ϕ can be written as follows [19] . (4) is expressed as
where Φ CAψ A ψ : A ψ → C is the embedding. Similarly, the Legendre submanifold A ϕ generated by −ϕ as in (5) is expressed as 
In addition, let X 
In addition, one has that
Here X h ψ is the contact Hamiltonian vector field associated with
where Γ ψ is a function of ∆ 0 such that
There exists a counterpart of Proposition 2.3 as follows. 
Then it follows that
Here X h ϕ is the contact Hamiltonian vector field associated with
where Γ ϕ is a function of ∆ 0 such that
Fiber bundles
A standard covariant form of Maxwell's equations is formulated on a 4-dimensional pseudo Riemannian manifold, where electromagnetic fields are expressed in terms of a form language. Then the (3 + 1)-decomposition with respect to an observer of the covariant form of Maxwell's equations gives equations on a 3-dimensional Riemannian manifold. By contrast, a bundle is used in our extended contact geometric description. In this subsection, various definitions and various operators for bundles are introduced to formulate such decomposed Maxwell's equations as a dynamical system in terms of a bundle formalism. The following definition of bundle and the definitions of related objects are used in this paper. More mathematically rigorous definitions can be found in Ref. [20] and so on. 
is referred to as a bundle or a fiber bundle, B a base space, F a fiber space, G a structure group, φ i a local trivialization, and M a total space. Furthermore, let t ij (ζ) := φ
Then {t ij } are referred to as transition functions.
Definition 2.12. (Trivial bundle and non-trivial bundle): If a transition function for a bundle can be chosen to be identical, then the bundle is referred to as a trivial bundle. Otherwise, the bundle is referred to as a non-trivial bundle.
Non-identical transition functions are used for describing non-trivial bundles. For example, the Möbius band can be constructed with this formulation [20] . In this paper trivial bundles are only considered.
A special class of sub-space of a bundle is considered in this paper, and the definition is given as follows. 
is referred to as a sub-bundle of (M, π, B).
Definition 2.14. (Section): Let (M, π, B) be a bundle, and f : B → M a map such that π • f = Id B . Then f is referred to as a section. The space of sections is denoted ΓM.
Similarly the space of q-forms on B is denoted ΓΛ q B, and the space of vector fields on B as ΓT B.
Given a bundle (M, π, B), the space of q-forms on B and the space of q ′ -forms on M can be introduced as follows. 
is referred to as a horizontal q-form. The space of horizontal q-forms is denoted ΓΛ
is referred to as a vertical q-form. The space of vertical q-forms is denoted ΓΛ q V M. In addition, vertical 0-forms are referred to as vertical functions.
The wedge product of a horizontal q-form and a vertical q ′ -form can be defined. Then one defines the following.
is referred to as the vertical derivative or the vertical exterior derivative.
is referred to as a functional. The space of functionals is denoted as ΓF M.
The functional derivative has been used in the infinite dimensional Hamiltonian formulation of Maxwell's equations [23] . In this paper this derivative can also be used to describe Maxwell's equations as a dynamical system.
M that is uniquely obtained by
is referred to as the functional derivative of h B 0 with respect to α M .
Similar to the case of forms, the space of vector fields on B and the space of vector fields on M can be introduced as follows. 
is referred to as a horizontal vector field. The space of horizontal vector fields is denoted as ΓT H M. 
is referred to as a vertical vector field. The space of vertical vector fields is denoted as ΓT V M.
Remark 2.5. The dual of a vertical vector field is a vertical 1-form.
The action of the interior product with respect to a vertical vector field Y V for a vertical q-form α V is denoted ı Y V α V and is similar to the action of a vector field Y to a q-form α, ı Y α. 
vertical vector field, and
α M ∈ ΓΛ q,q ′ H,V M a mixed (q, q ′ )-form written as α M = γ V ∧ β H . Then the action of ı Y V to α M , ı Y V : ΓΛ q,q ′ H,V M → ΓΛ q,q ′ −1 H,V M is defined as ı Y V α M = ( ı Y V γ V ) ∧ β H .
Contact manifold over base space
In this paper a contact manifold over a base space is treated as a bundle. Definition 3.1. (Contact manifold over a base space): Let B be a d B -dimensional manifold, (K, π, B) a bundle over the base space B, the fiber space π −1 (ζ) at a point ζ of B a (2n + 1)-dimensional manifold C ζ , K = ζ∈B C ζ , and the structure group G a contact transformation group. If K carries a vertical form λ V such that
then C ζ is referred to as a ((2n + 1)-dimensional) contact manifold on the fiber space π −1 (ζ), (ζ ∈ B), the quadruplet (K, λ V , π, B) is referred to as a ((2n + 1)-dimensional) contact manifold over the base space B, and λ V a contact vertical form.
In this paper we only consider trivial bundles, then the transition function is identical since this simple case is enough for our contact geometric formulation of Maxwell's equations without source in media. The contact geometry of the vertical space is the same as the standard contact geometry. Thus, all of the definitions and theorems for the standard contact geometry can be brought to vertical spaces. They are shown below.
At each base point ζ of B, one has Darboux's theorem for π −1 (ζ). Therefore one has the following. 
with some ρ q ∈ ΓΛ q H K being nowhere vanishing. 
is referred to as the canonical contact mixed (q, 1)-form associated with ρ q , and λ V ∈ ΓΛ 1 V K the canonical contact vertical form. 
is a volume-form on K. 
then X h is referred to as the contact Hamiltonian vertical vector field, h a contact Hamiltonian functional, and h a contact Hamiltonian vertical function.
Remark 3.2. With the Cartan formula, one has that
In the following the coordinate expression of a contact Hamiltonian vertical vector field is shown. 
H K a nowhere vanishing form, (x, p, z) the canonical coordinates for the fiber space such that
. . , x n } and p = { p 1 , . . . , p n }, h the contact Hamiltonian functional given by
with some h ∈ ΓΛ 0 V K depending on (x, p, z), and X h the contact Hamiltonian vertical vector field on K. Then, the canonical coordinate expression of (11) is given as
or equivalently,ẋ
Remark 3.3. The coordinate expression (12) is formally the same as that of (2).
Analogous to Definition 2.7, Legendre submanifold on a bundle is defined as follows. 
Then, the Legendre submanifold A ζψ generated by ψ in π −1 (ζ), (ζ ∈ B) with Φ C ζ A ζψ : A ζψ → C ζ being the embedding is such that
This can also be written as
is a sub-bundle of (K, π, B), where
Example 3.2. Let ( K, λ V , π, B ) be a (2n + 1)-dimensional contact manifold over a base space B, (x, p, z) the canonical coordinates for the fiber space such that
Then, the Legendre submanifold A ζϕ generated by −ϕ in π −1 (ζ), (ζ ∈ B) with Φ C ζ A ζϕ : A ζϕ → C ζ being the embedding is such that
Although the following could not be commonly used in the literature, the total Legendre transform of a functional is defined as follows in this paper. 
Then, the total Legendre transform of Ψ Z0 is defined as
where L[ψ] is the total Legendre transform of ψ.
As shown in Propositions 2.3 and 2.4, vector fields on Legendre submanifolds of contact manifolds are concisely written as contact Hamiltonian vector fields with adapted functions introduced in Definition 2.10 for the standard contact geometry. Also, for contact geometry on fiber spaces, similar functions can be defined as follows. 
a with x = { x 1 , . . . , x n } and p = { p 1 , . . . , p n }, and K = ζ∈B C ζ . In addition let ψ be a vertical function on C ζ depending on x, and ϕ a vertical function on C ζ depending on p. Then the functions ∆ 
are referred to as adapted functions on the fiber space.
Similar to Proposition 2.2, one has the following. (13) is expressed as
where Φ C ζ A ζψ A ζψ : A ζψ → C ζ is the embedding. Similarly, the Legendre submanifold A ϕ generated by −ϕ in π −1 (ζ) as (14) is expressed as
where Φ C ζ A ζϕ A ζϕ : A ζϕ → C ζ is the embedding.
Contact Hamiltonian vertical vector fields are also written in terms of adapted functions on fiber spaces. ψ } be a set of functions of x on A ζψ such that they do not identically vanish, andX 0 ζψ ∈ T x A ζψ , (x ∈ A ζψ ) the vector field given aš
In addition, let X
ζψ ) be the push-forward ofX 0 ζψ , where A C ζψ := Φ C ζ A ζψ A ζψ with Φ C ζ A ζψ : A ζψ → C ζ being the embedding :
In addition, one has that X 0 ζψ = X h ψ | h ψ =0 . Here X h ψ is the contact Hamiltonian vertical vector field associated with
where Γ ζψ is a function of ∆ ζψ 0 such that
There exists a counterpart of Proposition 3.4, that is given as follows. 
Then, it follows that
Here X h ϕ is the contact Hamiltonian vertical vector field associated with
where Γ ζϕ is a function of ∆ 
Maxwell's equations without source
In this section the (3 + 1)-decomposed Maxwell's equations without source in terms of a form language is summarized. This formulation is standard and can be found in the literature [21] .
Three-dimensional Riemannian manifold
To discuss (3 + 1)-decomposed Maxwell's equations in our extended framework of contact geometry, a bundle will be used. In this extended framework, the base space is a 3-dimensional Riemannian manifold.
Let (Z, g) be a 3-dimensional Riemannian manifold, and ⋆1 the canonical volume form, ⋆ : ΓΛ q Z → ΓΛ 3−q Z, (q ∈ {0, . . . , 3}) the Hodge dual map :
where Y ∈ ΓT Z is such that γ = g( Y, −), for all α, β ∈ ΓΛ q Z, γ ∈ ΓΛ 1 Z, f ∈ ΓΛ 0 Z, (q ∈ {0, . . . , 3}). In addition, let {σ a } be the set of orthogonal co-frames being dual to { X a } so that
Then, the contravariant metric tensor field is g The following will be used.
Lemma 4.1. For any α, β ∈ ΓΛ q Z with q ∈ {0, . . . , 3}, it follows that ⋆ ⋆ α = α, and α ∧ ⋆β = β ∧ ⋆α.
where (⋆F ) a is such that ⋆F = (⋆F ) a σ a .
Some examples of the functional derivative introduced in Definition 2.20 are shown below.
Example 4.1. Let α be a 0-form, and ψ a function of α. Consider the functional
Example 4.2. Let α be a 1-form written as α = α a σ a . Consider the functional
Example 4.3. Let β be a 2-form written as β = (1/2)β ab σ a ∧ σ b , and ⋆β = (⋆β) a σ a . Consider
Then, δ ψ Z 0 δβ = ⋆β, and ∂ψ
where
Maxwell fields
The forms e, h ∈ ΓΛ 1 Z and D, B ∈ ΓΛ 2 Z are used for describing Maxwell's equations. Their physical meanings are given as below : To obtain closed equations from Maxwell's equations without source, one needs some relations. Remark 4.3. Consider the case whereε =μ = 0 on some space on Z. In this case, one can introduce a potential 1-form A such that B = dA. It then follows that e = −Ȧ, and one has the equation of motion for AÄ
From this, one can consider various electromagnetic systems. For example, choose ε(ζ 3 ) = ε 0 sech 2 (ζ 3 /ζ 30 ) and µ = µ 0 where ζ 3 is a coordinate for Z and ε 0 , ζ 30 , µ 0 constants. Then one has analytical expressions of electromagnetic waves for this model [30] . In addition choose ε = ε 0 and µ = µ 0 with ε 0 and µ 0 being constants. Then one has the vacuum system. In this case there exist various solutions whose field lines form knots [31] .
Although there are a variety of constitutive relations, this special class of constitutive relations, involving ε and µ as in Definition 4.3, are only considered in this paper since they are typical and mathematically simple.
The forms e, B, D, h are classified as follows.
Definition 4.4. (Maxwell fields, induction field and field intensity):
The forms e, B, D, h that are used to describe Maxwell's equations are referred to as the Maxwell fields. In addition, the 2-forms D and B are referred to as induction fields, and the 1-forms e and h are referred to as field intensities.
Remark 4.4. There exists another classification for these forms [21] . The forms e and B are untwisted forms, and D and h twisted forms.
Given a medium with given boundary, the forms should satisfy appropriate boundary conditions. Taking into account this, one assumes that the solutions to Maxwell's equations always satisfy such boundary conditions in discussions below.
In physics energy plays a role, and energy functionals are used for continuous mechanics. In electromagnetism, the following functionals can be chosen and used in this paper.
Definition 4.5. (Energy and co-energy functionals): Let e, B, D, h be solutions to Maxwell's equations without source, ε : Z → R and µ : Z → R permittivity and permeability depending on at a point ζ of Z and time t ⊂ T, respectively, and Z 0 ⊆ Z a subspace of Z. The functional
is referred to as the energy functional. In addition,
is referred to as the co-energy functional.
in (23) depends on induction fields, and this will lead to the induction oriented formulation of Maxwell's equations. On the other hand, ϕ EM Z 0 in (24) depends on field intensities, and this will lead to the field intensity oriented formulation of Maxwell's equations.
The decomposed Maxwell's equations are written on a 3-dimensional Riemannian manifold (Z, g). With the Riemannian metric tensor field g one can write (23) and (24) as follows.
Lemma 4.3. The functionals (23) and (24) can be written as
Proof. With the identities
and ε e ∧ ⋆e + µ h ∧ ⋆h = ε g −1 (e, e) + µ g −1 (h, h) ⋆ 1, one can complete the proof. In the following, various formulae are shown. They will be used in the rest of this section and Section 5.
Proof. With Example 4.3, one can easily prove the first equation. In the following, the second equation is proven. One can write D with
It is straightforward to show that
Then, it follows from
Similar to Lemma 4.4, one has the following.
Proof. A way to prove this is analogous to the proof of Lemma 4.4.
With the formulae derived above, one can characterize the energy density function and the co-energy density function. To this end, one defines convex function for smooth functions. 
which is strictly positive definite. Similarly one can prove that for ϕ EM .
The following states a relation between the energy density function and the co-energy density function. (25) are related with the total Legendre transform :
where we have used D 0 = {D a 0 } and B 0 = {B a 0 } that are the unique solutions to
The uniqueness follows from Lemma 4.6.
The following states a relation between the two functionals. 
Applying Lemma 4.7, one has
Contact formulation of Maxwell's equations without source
In this section, from the given energy functional (23) and given co-energy functional (24), Maxwell's equations are formulated.
To this end, the field components of D, B, e, h, and the energy density function, ( D a , B a , e a , h a , E ), (a ∈ {1, 2, 3}), are identified with vertical 0-forms that are defined as follows. Let (Z, g) be a 3-dimensional Riemannian manifold, (K, π, Z) a bundle over Z and the fiber space π −1 (ζ) equals to a 13-dimensional manifold C ζ with K = ζ∈Z C ζ , (x EM , p EM , z EM ) canonical coordinates for the fiber space which are
with E being either an energy density function or a co-energy density function, and λ V the following contact vertical form
The contact manifold over the base space Z for the decomposed Maxwell's equations without source in media, (22) , is (K, λ V , π, Z).
To close the Maxwell's equations, the constitutive relations
or
are imposed. In addition, one specifies the electromagnetic energy as either
From a viewpoint of differential geometry, these relations are conditions that a solution space of Maxwell's equations is a Legendre submanifold generated by ψ EM and that by ϕ EM . The fiber space is a 13-dimensional space that is for the expressing unrestricted fields and energy (D a , B a , e a , h a , E), and the Legendre submanifold is for expressing the restricted fields and energy.
D-B oriented formulation
In this subsection from the given energy functional (23), Maxwell's equations will be formulated. Impose E = ψ EM and the constitutive relations (28)
so that Maxwell's equations are closed ones. In this contact geometric formulation, Maxwell's equations are realized on the Legendre submanifold of the vertical space generated by ψ EM . Physically this submanifold is the subspace where the energy is properly chosen and constitutive relations (28) are satisfied. To describe this, one introduces the following adapted functions on the fiber space. 
Associated with this set of functions, the following are introduced. 
With the adapted functions, Maxwell's equations are formulated in the following space. 
ζψ EM is referred to as the phase space for the D-B formulation of Maxwell's equations ( see (15) ).
This phase space can also be written as the adapted mixed forms as follows.
Lemma 5.1. 
respectively, and Γ ζψ EM is such that
Then the restricted contact Hamiltonian vertical vector field X h ψ EM | h ψ EM =0 gives Maxwell's equations without source and the Poynting theorem.
Proof. In this proof the relation A
To write the component expression of the contact Hamiltonian vertical vector field, one rewrites h ψ EM . Writing
with (21), one has that
In addition, it follows from (26) and (27) that
Then the component expression of the restricted contact vertical vector field is obtained from (12) aṡ
These are equivalent to writė
The last equation above yields the Poynting theorem :
where ∂Z 0 is the boundary of Z, and Stokes' formula has been used for the last equality. So far the discussion above is carried out on A C ζψ and that is valid for an open covering U i containing ζ. Taking into account this, one completes the proof.
Remark 5.1. The equation involving the Poyinting 2-form e∧h expresses the energy-balance for the system.
e-h oriented formulation
In this subsection from the given co-energy functional (24), Maxwell's equations will be formulated.
Impose E = D a e a + B a h a − ϕ EM and the constitutive relations (29)
or equivalently,
so that Maxwell's equations are closed ones. Similar to Definition 5.3, one defines the following.
Definition 5.6. (Adapted functions for e-h oriented formulation):
Associated with this set of definitions, the following are introduced. 
ζϕ EM is referred to as the phase space for the e-h formulation of Maxwell's equations ( see (16) ).
Proof. It can be proven with Lemma 4.4 and 4.5.
There exists a relation between the phase space for the D-B formulation of Maxwell's equations and that for e-h one. Proof. One can prove this by observing that ϕ EM is the total Legendre transform of ψ EM due to Lemma 4.7.
Then the following is the counterpart of Theorem 5.1, and one of the main theorems in this paper. On the phase space for the e-h formulation of Maxwell's equations, one has the Maxwell's equations. Proof. A way to prove this is analogous to the proof of Theorem 5.1.
Information geometry for Maxwell's equations
It has been shown in Ref. [7] that a contact manifold and a strictly convex function induce a dually flat space that is used in information geometry.
Since the energy density function and co-energy density function are of strictly convex functions due to Lemma 4.6, one can introduce a dually flat space on a fiber space of a bundle for the Maxwell fields. First, one introduces a metric tensor field as follows. where {p a } = p EM = {e 1 , e 2 , e 3 , h 1 , h 2 , h 3 }.
Proof. A proof is similar to that found in Ref. [16] .
In the standard information geometry there are two special coordinates, and analogous coordinates exist for our formulation of Maxwell's equations.
On any Riemannian manifold (M, g) with a connection ∇, one can find a dual connection ∇ ′ . Then the quadruplet (M, g, ∇, ∇ ′ ) is referred to as a dually flat space [16] . In accordance with this, one can introduce such a space in the present geometry as follows. The canonical divergence plays a role in information geometry, and that can be defined in the fiber space as follows. 
is referred to as canonical divergence for the Maxwell fields.
The generalized Pythagorean theorem plays a role in the standard information geometry, and an analogous theorem exists in the present geometry. 
Concluding remarks
This paper offers how Maxwell's equations without source in media are formulated with contact geometry. This formulation is based on the theory of fiber bundles, where a fiber space is identified with a contact manifold and a base space 3-dimensional Riemannian manifold expressing physical space. The Legendre submanifolds of the contact manifold over the base space are equivalent to the spaces where constitutive relations and energy relations hold. An important step in this formulation is to recognize that electromagnetic energy functional can be seen as an analogue of a convex function used in convex analysis. From this viewpoint Legendre duality has been focused, and then the induction oriented formulation and field intensity oriented one have been explicitly shown. This viewpoint also has naturally yielded information geometry of the Maxwell fields. There are numbers of extensions that follow from this work. They are, for example, to develop a geometric theory of Maxwell's equations that can deal with external sources and non-standard constitutive relations, and to apply some theorems in contact topology to Maxwell's equations. We believe that these future works stemmed from this work will develop the theory for the Maxwell fields and its engineering applications.
